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Relevant background
on M/EEG

THM: Take home message (not Theorem)...
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Functional neuroimaging
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Brain anatomy
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Source: dartmouth.edu
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Neurons as current generators
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Large cortical pyramidal cells organized in 
macro-assemblies with their dendrites 

normally oriented to the local 
cortical surface

White matter

Gray matter

Q = I × d
(10 to 100 nAm) with 
the equivalent current 
dipole (ECD) model
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sources to the cortical mantel
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EEG & MEG systems
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MEG sensors
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Magnetometer
- General magnetic fields
- Very sensitive overall, noisy

Planar Gradiometer
- Focal magnetic fields
- Most sensitive to fields directly underneath

Axial Gradiometer
-Focal magnetic fields
- Most sensitive to fields directly underneath it

THM: Mix Different Quantities/Units
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Data acquisition examples
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Source: nih.gov

THM: MNE 
can be applied 
in both cases
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Clean M/EEG data can be obtained by averaging 

multiple repetitions (a.k.a. trials)
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M/EEG Measurements
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At one time instant:
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M/EEG Measurements: Notation
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MRI image (this type of anatomic data was used to estimate the triangulated interfaces for
the BEM in section 2.4.3). This step is rather complex but well handled by software such
as BrainVisa [36] or FreeSurfer [50], which provide almost fully automatic pipelines to run
the segmentations. Such pipelines are generally not integrated in commercial M/EEG source
imaging software that therefore only provide volumic source spaces with 3D grids.

The current generators that produce the electromagnetic fields are known to be located in
the gray matter forming the cortex. This implies that the estimated sources should at least
be constrained to be located within the gray matter. This is achieved with surfacic source
models. To argue even more in favor for such models, we would like to mention that the fMRI
community also tends to map the 3D data acquired onto cortical surfaces [64]. Another reason
for this is that anatomical landmarks are more easily defined on cortical segmentation than
on volumic data.

From now until the end of this chapter, we will focus on surface based distributed models.

Orientation vs. no orientation constraint
With distributed dipolar source models, the orientation of the dipoles can either be defined

a priori using the normal to the cortical mesh (cf. figure 3.1(c)), or left unconstrained. When
the dipoles orientations are left unconstrained, 3 orthogonal dipoles are positioned at each
location. With MEG, since sensors are blind to the radial component of the field, only 2 can
be used. Considering our knowledge on the structure of the neural assemblies formed by the
pyramidal neurons (cf. chapter 1), constraining the orientation is a reasonable assumption.
One can also argue that the more a priori are used to compute neural estimates, the better
it is. However, practice shows that the orientation is a critical parameter for a dipole since it
affects its forward field on the M/EEG sensors a lot more that its 3D position. This suggests
that if orientation constraints are used, the normals to the cortical mesh should be very
accurately estimated. Depending on the brain location of the sources this can be more or less
challenging.

In this chapter, many illustrations are presented on the somatosensory cortex lying on the
post-central gyrus. The central sulcus and central gyrus of the cortex are major structures
of the human cortex and are very well segmented with anatomical pipelines. For this reason
the orientation constraint is generally well justified in this brain region.

3.2 MINIMUM NORM SOLUTIONS AND ITS VARIANTS

When orientations are fixed and only the amplitudes of the dipolar current generators
need to be estimated, the forward problem results in the following linear problem:

M = GX + E (3.3)

where G stands the forward operator, M corresponds to the measurements (Electric potential
or/and magnetic field), X contains the unknown amplitudes of the sources and E is the noise.

We denote the number of sources by dx, the number of sensors by dm and the number of
time instants by dt. With these notations, we have, M � Rdm�dt , G � Rdm�dx , X � Rdx�dt and
E � Rdm�dt .

In practice, dm is in the range of 10, for low resolution EEG, and 400, for high resolution
MEG and EEG combined studies. The parameter dt is commonly between 1 and a few thou-
sand. With the digital amplifiers used in M/EEG, the sampling rate can be over 1000 Hz
which leads to high values of dt when recording several seconds of signal. The number of
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The M/EEG inverse problem
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Inverse problem: Objective
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Find the current 
generators that 

produced the M/EEG 
measurements
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Linear forward problem: Maxwell
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What is MEG? From Maxwell to the gain matrix
Retinotopy with MEG

Origin of the MEG signal
Forward Problem
Inverse Problem

Maxwell Equations

with quasi-static
approximation :

�
⌅⌅⌅⌅⌅⌅⇤

⌅⌅⌅⌅⌅⌅⇥

⇤⇥ ⌅E = 0

⇤ · ⌅B = 0

⇤⇥ ⌅B = µ0
⌅J

⇤ · ⌅E =
⇥

�0

with ⌅J : all currents

⇤ : tissue conductivities
V : electric potential

Conduction currents ( Extracellular )

⌅J can be decomposed : ⌅J = ⌅Jp + ⌅Jc
⌅Jp : source currents (ie. primary currents)
⌅Jc : conduction currents

⌅Jc = �⇤⇤V
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Primary 
currents

Conduction
currents

Ohm’s law:

Total currents:

Tissue conductivity
Electric potential

Remark: quasi-static implies 
no temporal derivatives and 

no propagation delay

What is MEG? From Maxwell to the gain matrix
Retinotopy with MEG

Origin of the MEG signal
Forward Problem
Inverse Problem

1st MEG : 1969
Scale : 10�13 T (Tesla)
Time sampling : > 1000

Hz (1 value / ms)

MEG : magnetic field measurement

⇧ ·⇧⇥ ⇤B = 0⇤ ⇧ · (⇤Js + ⇤Jc) = 0
⇤ ⇧ · ⇤Jp = ⇧ · (⇥⇧V )

⇤B =
µ0

4�

�
⇤J(r �)⇥ r � r �

⌅r � r �⌅3 dr �

⇤ ⇤B = ⇤B0 �
µ0

4�

�
⇥⇧V ⇥ r � r �

⌅r � r �⌅3 dr �

with

⇤B0 =
µ0

4�

�
⇤Jp ⇥

r � r �

⌅r � r �⌅3 dr �
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Potential equation:
(relation btw. the potential and the sources)

THM: Instantaneous & Linear
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Head models

15

Sphere models

Requires to model the properties of the 
different tissues: skin, skull, brain etc.

Hypothesis: The conductivities are piecewise constant

Realistic models

EEG : [Berg et al. 94, De Munck 93, Zhang 95]
MEG : [Sarvas 87]

[Geselowitz 67, De Munck 92, Kybic et al. 2005,
Gramfort et al. 2010]

Analytical solutions fast to 
compute but very coarse 
head model (esp. for EEG)

Boundary element method (BEM),
i.e., numerical solver with 

approximate solution.
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Inverse problem approaches

• Dipole fitting

• Scanning methods (Beamformers LCMV, DICS, 

SAM, MUSIC, RAP-MUSIC)

• Imaging methods with distributed models 

(MNE, dSPM, sLORETA, LORETA, MxNE, 

Gamma-Map/Champagne etc…)

16
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X 
sources
amplitudes

Distributed model
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Position 5000 candidate
sources over each 

hemisphere
(e.g. every 5mm)

Time

Sp
ac
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Scalar field defined over time
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X 
sources
amplitudes

Distributed model
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Time

Sp
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Or vector field (3 values per 

location)
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tangential
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Distributed models
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[Dale and Sereno 93]

Dipoles sampled over the 
cortical surface extracted by 

MRI segmentation

G =

one column = Forward field of one dipole

is the lead field matrix 
obtained by concatenation 

of the forward fields

Current generator 
modeled as a 

current dipole 
(location, orientation 

and amplitude)

EEG 
forward 

field on the 
electrodes

MEG 
forward field 
on sensors
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Distributed source framework

20

102 CHAPTER 3. THE INVERSE PROBLEM WITH DISTRIBUTED SOURCE MODELS

inverse matrices cannot be explicitly computed. We need for each pair (�, µ) to run an itera-
tive solver, which can make the GCV and L-Curve methods particularly time consuming.

3.3 LEARNING BASED METHODS

In previous sections, the ⇥2 priors used in the penalization of the inverse problem are de-
fined a priori. Following the explanations in section 3.2.2.2, this means that the proposed
methods assume a predefined covariance matrix for the sources. In the following paragraphs,
we will present inverse solvers that aim at designing a prior based on the data. The source
covariance matrix, i.e., the weights in the ⇥2 penalization term, is “learned”. We will also say
that the model is learned from the data [193].

For simplicity, we will present the following method in the context of instant-by-instant
inverse computation.

The methods presented in this section use the Bayesian formulation of the inverse prob-
lem. We recall the Bayesian framework from section 3.2.2.2:

p(X|M) =
p(M|X)p(X)

p(M)
. (3.25)

where we assume Gaussian variables:

E ⇥ N (0,�E) (3.26)
X ⇥ N (0,�X) (3.27)

and an additive model:
M = GX + E . (3.28)

If �E and �X are known, X is obtained by maximizing the likelihood which leads to:

X⇥ = arg min
X

⇤M�GX⇤�E + ⇤X⇤�X , (3.29)

which leads to:
X⇥ = �XGT (G�XGT + �E)�1M .

In this framework the prior is an ⇥2 norm and learning the prior means learning �X, i.e., the
source covariance matrix. One may also want to learn the noise covariance matrix �E. Note
that in the WMN framework, learning �X consists in learning the weights.

In the case where �X and �E are not fixed a priori, these parameters define the model
commonly denoted M. Bayes’ rule can be rewritten:

p(X|M,M) =
p(M|X,M)p(X|M)

p(M|M)
. (3.30)

p(X|M,M) is called the posterior.
p(M|X,M) is called the likelihood.
p(X|M) is called the prior.
p(M|M) is called the model evidence.

: M/EEG Measurements

: Source amplitudes (Unknowns)

: Leadfield (or Gain) matrix

: additive noise
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the gray matter forming the cortex. This implies that the estimated sources should at least
be constrained to be located within the gray matter. This is achieved with surfacic source
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the dipoles orientations are left unconstrained, 3 orthogonal dipoles are positioned at each
location. With MEG, since sensors are blind to the radial component of the field, only 2 can
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Linear forward model, i.e.,
M is the sum of the 

contributions of all the sources 
(Superposition principle)
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102 CHAPTER 3. THE INVERSE PROBLEM WITH DISTRIBUTED SOURCE MODELS

inverse matrices cannot be explicitly computed. We need for each pair (�, µ) to run an itera-
tive solver, which can make the GCV and L-Curve methods particularly time consuming.

3.3 LEARNING BASED METHODS

In previous sections, the ⇥2 priors used in the penalization of the inverse problem are de-
fined a priori. Following the explanations in section 3.2.2.2, this means that the proposed
methods assume a predefined covariance matrix for the sources. In the following paragraphs,
we will present inverse solvers that aim at designing a prior based on the data. The source
covariance matrix, i.e., the weights in the ⇥2 penalization term, is “learned”. We will also say
that the model is learned from the data [193].

For simplicity, we will present the following method in the context of instant-by-instant
inverse computation.

The methods presented in this section use the Bayesian formulation of the inverse prob-
lem. We recall the Bayesian framework from section 3.2.2.2:

p(X|M) =
p(M|X)p(X)

p(M)
. (3.25)

where we assume Gaussian variables:

E ⇥ N (0,�E) (3.26)
X ⇥ N (0,�X) (3.27)

and an additive model:
M = GX + E . (3.28)

If �E and �X are known, X is obtained by maximizing the likelihood which leads to:

X⇥ = arg min
X

⇤M�GX⇤�E + ⇤X⇤�X , (3.29)

which leads to:
X⇥ = �XGT (G�XGT + �E)�1M .

In this framework the prior is an ⇥2 norm and learning the prior means learning �X, i.e., the
source covariance matrix. One may also want to learn the noise covariance matrix �E. Note
that in the WMN framework, learning �X consists in learning the weights.

In the case where �X and �E are not fixed a priori, these parameters define the model
commonly denoted M. Bayes’ rule can be rewritten:

p(X|M,M) =
p(M|X,M)p(X|M)

p(M|M)
. (3.30)

p(X|M,M) is called the posterior.
p(M|X,M) is called the likelihood.
p(X|M) is called the prior.
p(M|M) is called the model evidence.
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THM: At each time instant the M/EEG inverse problem 
IS a regression with more variables than observations
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is the prior.

1

X� = arg min
X

⇤M�GX⇤F , subject to ⇤(X) ⇥ �

X� = arg min
X

⇤M�GX⇤2F + ⇥⇤(X), ⇥ > 0

⇤(X)

1

X� = arg min
X

⇤M�GX⇤F , subject to ⇤(X) ⇥ �

X� = arg min
X

⇤M�GX⇤2F + ⇥⇤(X), ⇥ > 0

⇤(X)

⌅1, ⌅2, entropy . . .

⌅1

⌅2

⌅w,1

⌅w,2

⇥
Data fit

Penalized (variational) formulation (with whitened data):

1

X� = arg min
X

⇤M�GX⇤F , subject to ⇤(X) ⇥ �

X� = arg min
X

⇤M�GX⇤2F + ⇥⇤(X), ⇥ > 0

⇤(X)

⌅1, ⌅2, entropy . . .

⌅1

⌅2

⌅w,1

⌅w,2

:  Trade-off between the data fit and the prior
Prior

1

X� = arg min
X

⇤M�GX⇤F , subject to ⇤(X) ⇥ �

X� = arg min
X

⇤M�GX⇤2F + ⇥⇤(X), ⇥ > 0

⇤(X)

⌅1, ⌅2, entropy . . .

⇤A⇤F = tr(AT A)

⌅1

⌅2

⌅w,1

⌅w,2

⇥

where
2

THM: when SNR goes UP     goes DOWN.�

Examples for         : 

1

X� = arg min
X

⇤M�GX⇤F , subject to ⇤(X) ⇥ �

X� = arg min
X

⇤M�GX⇤2F + ⇥⇤(X), ⇥ > 0

⇤(X)

1

X⇥ = arg min
X

⇧M�GX⇧F , subject to ⇤(X) ⇥ �

X⇥ = arg min
X

⇧M�GX⇧2F + ⇥⇤(X), ⇥ > 0

⇤(X)

⌅1, ⌅2, ⌅p with p ⇤ 1, entropy . . .

⇤(X) = ⇧X⇧w,2 = ⇧WX⇧2 =
⇤

i,j

wix
2
ij

⇤(X) = ⇧X⇧1 =
⇤

i,j

|xij |

⇤(X) = ⇧X⇧1 =
⇤

i

|xi|

wi = x⇥i

⌅p, p ⇤ 1

⇤(X) = ⇧X⇧21 =
⇤

i

⌅⇤

j

x2
i,j

⇤(x) = ⇧x⇧1 =
⇤

i

|xi|

• Initialize: Choose x(0) ⌅ Rdx (for example 0).

• Iterate:
x(k+1) = proxµ�⇥

�
x(k) + µGT (m�Gx(k))

⇥

where 0 < µ < 2|||GT G|||�1.

• Initialize: Choose x(0) ⌅ Rdx (for example 0).

• Set auxiliary variables: a = 0, g = 0, µ = |||GT G|||�1.

• Iterate:

– t = 2µ and b = t+
⇤

t2+4ta
2

– v = proxa�⇥(x(0) � g) and u = ax(k)+bv
a+b

– x(k+1) = prox�µ⇥(u + µGT (m�Gx(k)))

– g = g � bGT (m�Gx(k+1))

– a = a + b

Total-Variation ...

Remark: will only work if all data are on the same scale 
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Spatial whitening
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Units and scales 
are very 
different
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Spatial whitening
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If the noise was 
independent it 

would be 
diagonal
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Spatial whitening
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M

C� 1
2M

C

data
noise cov.
whitened data
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L2 a.k.a. Minimum Norm Estimates (MNE)
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Leads to a closed form solution (matrix multiplication):

[Tikhonov et al. 77, Wang et al. 92, Hämäläinen et al.  94]Remarks:

• Really fast to compute (SVD of G), hence very much used in the field.

• In practice, it’s much more complicated (whitening data, correcting 

artifacts, channels with different SNRs, setting     based on SNR, loose 

orientation, SNR varies with time...)
�

THM: A lot of domain knowledge to make it work

�(X) = kWXk2F =
X

i,j

w

2
i x

2
ij = kXk2⌃,2

W2 = ⌃ source covariance

X⇤ = ⌃�1GT (G⌃�1GT + �Id)�1M
Inverse operator
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http://youtu.be/Uxr5Pz7JPrs

http://youtu.be/Uxr5Pz7JPrs
http://youtu.be/Uxr5Pz7JPrs
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